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POWER SPECTRAL ANALYSIS OF SOME AIRPLANE 

RESPONSE QUANTITES OBTAINED DURING OPERATIONAL "ING 

MISSIONS OF A FIGEIER AIRPLANE 

By Harold A. Hamer and John P. m e r  

SUMMARY 

The frequency content of some airplane response quantities obtained 
from a number of operational training flights of a fighter airplane is 
presented. Power spectral densities of normal and transverse load fac- 
tor and pitching acceleration are shown for several types of missions 
normally performed by the airplane. 
described by the spectrum, provides information which is useful in 
control-system design and in the design of recording and computing 
equipment for analyzing maneuver-load data. 

The frequency content, which is 

When normalized by dividing by the mean-square value, the results 
indicate that, except for some differences at the higher frequencies 
due to the effect of rough air, the frequency content of each of the 
airplane response quantities was similar during the different types of 
missions investigated. 

The normal-load-factor data were found to exhibit some of the char- 
acteristics of a Gaussian random process; therefore, peak distributions 
for this quantity could be estimated to a good degree of accuracy with 
the use of spectrum-analysis methods. 

INTRODUCTION 

In an effort to provide information leading to the establishment of 
more realistic loads criteria for the design of military airplanes, the 
National Aeronautics and Space Administration has been conducting a 
limited flight investigation of the manner in which military airplanes 
are used in service training operations. The statistical analysis of 
the control-input and airplane-response data has produced probability 
distributions of peak values for various load parameters (refs. 1 and 2) 
and the power spectra of the normal load factor (ref. 3 ) .  
bility distributions can be used in determining the design limits of the 

Such proba- 
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various airplane components as well as in the study of fatigue. 
edge of the frequency content, which is described by the power spectrum, 
is useful in the design of automatic or power control systems. The fre- 
quency analysis can also be used in work connected with developing 
instrumentation for recording maneuver-load data and as a guide in devel- 
oping techniques for reducing and analyzing the flight measurements with 
automatic computing machinery. 

A knowl- 

Power spectral densities of normal and transverse load factor and 
pitching acceleration obtained from a number of operational training 
flights of a fighter airplane are presented in this report. The spectra L 

7 are shown for three types of missions as w e l l  as for the combined mis- 
7 sions. The types of missions are classified as (1) low-altitude bombing 

system (LABS), (2) dive bombing, and (3) general flying. 8 
The types of missions differ both in the type of maneuvering per- 

formed and in the flight conditions (altitude and speed) under which the 
maneuvering was done. 
encountered. During low-altitude-bombing missions, in particular, the 
large amount of rough air encountered at the low altitudes caused the 
airplane to experience rather violent lateral and longitudinal oscilla- 
tions. One purpose of this report is to show the extent to which the 
power spectra of the response quantities are affected by various types 
of missions normally performed by the airplane. 

They also differ in the amounts of rough air 4 

8 

In the application of power-spectral-analysis methods, a number of 
useful theoretical relationships have been established for Gaussian ran- 
dom processes, one of which predicts.the frequency of occurrence of peak 
values. 
airplanes (ref. 3) indicated that, for the normal load factor in general- 
flying missions, this relationship provided a reasonably good guide in 
calculating the number and the probability distribution of peak values. 
In the present investigation the study of the applicability of this 
Gaussian process relationship is extended to another airplane and to data 
samples which are larger and f r o m  different types of missions. 

Previous analysis of small samples of data on two different 

SYMBOLS 

f 

f0 

frequency , cp s 

average number of times per second that mean value of normal 
load factor is crossed with positive slope, 

n m  
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fP average nwnber of positive incremental normal-load-factor 
1\00 

peaks per second, fp2 = (see ref. 4) 
1 \ w  

f(t),y(t) time history of a quantity 

F(2nif) Fourier transform of f(t), rrn f(t)e'2niftdt 
I3 

K 

m 

M 

"t 

nV 

4 
N 

P (&V) 

pP 

4 

t 

At 

T 

J O  

acceleration due to gravity, ft/sec2 

constant used in filter equation 

total number of observations 

Mach number 

transverse load factor 

normal load factor 

incremental normal load factor, 

nuniber of positive incremental normal-load-factor peaks 

nv - 1 

exceeding a given value 

probability that a given value of 
a truncated normal distribution 

Anv w i l l  be exceeded for 

probability that a peak value of 4 
value for a Gaussian random process 

will exceed a given 

pitching acceleration, radians/secZ 

time, sec 

time reading interval, sec 

time interval of f(t) or y ( t ) ,  sec 
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f l i g h t  t i m e  analyzed for  normal load factor  i n  a given type 
of mission, sec 

maneuvering f l i g h t  time (defined as t i m e  fo r  which 
hv > 0.25g),  sec 

quantity such as n,, n t ,  o r  6 
mean value of y 

f i l t e r e d  value of y a t  time t, 
K Y ( t  - A t )  - a(t) + Q(t + At) 

root-mean-square value of y, a2 = = lom Q(f)y  df m 

power spectral  density of y, 
2 - T 

(see ref.  3) T+., lim $ -T [y(t) - ~ ( t ) ] e - ~ ' ~ ~ ~ d t  

power spectral  density of y* 
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A photograph of the  test  airplane i s  presented i n  figure 1. The 
tes t  airplane i s  a single-place jet-propelled fighter-bomber airplane 
having a swept wing and swept t a i l  surfaces. The airplane i s  equipped 
t o  carry a wide assortment of weapons and external f u e l  tanks. 

A l l  control surfaces are actuated by an i r revers ib le  hydraulic- 
powered boost system. Control feel  i s  simulated by a r t i f i c i a l - f e e l  
devices which vary the  feel i n  proportion t o  s t i c k  or  rudder pedal 
deflection. A one-piece s t ab i l a to r  i s  used fo r  longitudinal control.  
A control-stick damper i s  incorporated t o  prevent overcontrol by 
r e s t r i c t ing  the  speed a t  which the control s t i c k  can be moved i n  the 
longitudinal direct ion.  A mechanical r a t i o  s h i f t e r  i s  incorporated i n  
the  system so tha t  with the  landing gear re t racted the  control-st ick 
t r ave l  per degree of s tab i la tor  movement i s  increased t o  reduce control  
sens i t iv i ty .  Included i n  the  la teral-control  system are spoi lers  which 
a re  located on the upper surface of both wings immediately forward of 
the f l aps .  
t ion .  The spoi lers  operate when the  landing gear i s  i n  the  retracted 

The spoi lers  are actuated by the  control-st ick la teral  deflec- 
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position and move in the up-direction only. 
from Oo to about 1l0, the correspondin 

travel. 
at the rear of the f'uselage. 

nose boom) nor the weight and balance of the airplane was altered by the 
addition of the instrumentation. 
plane is presented in figure 2. 
and mass characteristics are given in reference 2. 

A s  the aileron moves up 
spoiler moves up proportionally 

A hydraulically operated speed brake is installed on each side 
from 00 to about 4 5 O  and remains at 45 Q for the remainder of aileron 

Neither the external appearance (except far the installation of a 

Athree-view drawing of the test air- 
Tables showing dimensions and physical 

INSTRUMENTATION 

The data were measured by the use of standard NASA photographic 
recording techniques. 
ate the recording instruments automatically at speeds above 100 knots. 

A n  airspeed-pressure switch was employed to oper- 

Normal and transverse load factors with respect to the airplane 
longitudinal reference axis (see fig. 2) were measured by 811 NASA mag- 
netically damped, three-component recording accelerometer. The accel- 
erometer was mounted near the average "in-flight" center of gravity in 
such a way that the effects of airplane angular velocities and angular 
accelerations on the load-factor measuring elements could be considered 
negligible for this analysis. Pltching-acceleration measurements were 
obtained by an angular acceleration recorder containing a gyroscopic 
sensing element. 
0.65 of critical damping and their natural frequencies were selected to 
minimize the magnitude of extraneous airplane vibrations. 

The recording-instrument elements were damped to about 

A standard two-cell pressure recorder connected to the airplane 
service system was used to measure static and impact pressures for 
determining the pressure altitude, indicated airspeed, and Mach number. 
The service system included a total-pressure tube and flush static- 
pressure orifices. No corrections were made to the measurements for 
position error associated with the location of the static-pressure ori- 
fices. More detail on the instrumentation and accuracy of the measure- 
ments is given in reference 2. 

TESTS 

The flights were made by 23 service pilots undergoing regular squad- 
ron operational training at Langley Air Force Bse, Va. 
45 hours of flight time was recorded during 53 operational flights made 

Approximately 
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from November 1955 to April 1956. Data were recorded continuously 
throughout a flight but were recorded only during those flights in 
which the mission was scheduled to include a large number of maneuvers; 
that is, no cross-country or instrument flights were recorded. No 
attempt was made to specify the type or severity of maneuvers. Some of 
the flights during the general-flying missions were made with the clean 
airplane configuration and some with various arrangements of external 
fuel tanks and bombs. A l l  flights during the low-altitude-bombing and 
dive-bombing missions were made with these external stores. 

. 

The results are representative of the various tactical maneuvers 
that are within the capabilities of the airplane. 
requested, most of the maneuvers were performed in relatively smooth 
air except where the usual turbulence near the ground was encountered. 
Data were recorded at altitudes from ground level to about 42,000 feet, 
at indicated airspeeds varying from the stalling airspeed to about the 
maximum service-limit airspeed (610 knots), and at Mach numbers up to 
about 1.1. A summary of the flight conditions for the different types 
of missions is presented in figures 3 to 5 in the form of the percent- 
ages of time in various airspeed, Mach number, and altitude ranges. 
data given in these figures are based on the flight time analyzed 
rather than on total flight time recorded. 

Although not 

The 
TF 

CLASSIFICATION OF MISSIONS 
I 

The flights have been classified under three types of missions: 
(1) low-altitude-bombing system (LABS), (2) dive bombing, and ( 3 )  gen- 
eral flying. Six comparatively straight and level flights (4.4 flight 
hours) were made which contained few maneuvers; data from these flights 
are not included in the final results except where indicated in the 
section entitled "Results and Discussion .I1 

Low-Altitude-Bombing System 

L ,  
7 '  
7 
8 

The data pertaining to low-altitude-bombing missions consisted of 
13 flights (12.6 flight hours) which were devoted to practicing low- 
altitude-bombing maneuvers. The low-altitude-bombing data represent a 
total of 98 maneuvers inasmuch as each pilot made an average of 7 or 8 
of these maneuvers in each flight. 
maneuvers were simulated (no bombs dropped) and in some, a small prac- 
tice bomb or a l,7OO-pound practice bomb was dropped. 
bombing maneuver consists of a straight-and-level pass at high speed 
(approximately 500 knots) near the ground, and an abrupt PulUP to 
a prescribed normal load factor of 4, the bomb automatically releasing 

During these tests some of the 

The low-altitude- 
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at a predetermined airplane attitude angle. 
the half-loop is carried to completion and a 180' roll is made at the 
top, the entire maneuver actually being an Immelmann turn. 

After the bomb is released, 

Two types of deliveries were performed in the low-altitude-bombing 
missions: over-the-shoulder delivery and initial-point delivery. For 
the over-the-shoulder delivery the pullup is made directly over the 
target and the bomb is released at an airplane attitude angle which is 
greater than 90'. 
a predetermined time has elapsed after passing over a point which has 
been selected in front of the target. 
shoulder delivery, the bomb is released at a smaller attitude angle 
while the airplane is still at a distance in front of the target. 

In the initial-point delivery the pullup is made when 

In comparison with the over-the- 

Dive Bombing 

The dive-bombing data were obtained from 6 flights (6.1 flight 
hours) which were flown solely for the purpose of practicing dive- 
bombing techniques. Each flight consisted of a number of dive-bomb 
runs, with a total of 50 for the 6 flights. Some of the maneuvers 
were simulated, whereas in others small practice bombs were dropped. 

One of the 6 flights consisted of 10 of the more common type of 
runs in which the dive is made from an altitude of about 8,000 feet 
with the bomb release and pullout started at about 3,000 feet. 
remaining 5 flights all the dive-bombing runs were made from high alti- 
tude. Here the dives began at altitudes as high as 20,000 feet and the 
pullouts were started anywhere from 16,000 to 12,000 feet. 

In the 

8 

General Flying 

The missions classified under general flying are a collection of 
many types of maneuvers and correspond to all flights which were not 
made for the sole purpose of performing low-altitude-bombing or dive- 
bombing maneuvers. 
in which the pilots performed all types of acrobatic maneuvers and in 
some cases several simulated low-altitude-bombing and dive-bombing 
maneuvers. Other flights in this category of general flying included 
simulated strafing, formation flying, and "rat racing." The general- 
flying data represent 28 flights with a total of U.9 hours of flight 
time . 

Most of these flights were familiarization flights, 
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METHODS OF ANALYSIS .. 
The analysis used t o  determine the power spectra and peak probabili ty 

distributions para l le l s  that of reference 3. 
time history of a quantity 
the Fourier transform: 

The frequency content of a 
f ( t )  i s  ordinarily given as the amplitude of 

F(2lrif) = r m  f(t)e-2niftdt 
J O  

The power spectrum given by the equation 

2 T 
@(f )  = l i m  ilJ-T f(t)e'aifidt 

T-+= 

7 a 

i s  a convenient way of presenting the frequency content of a long t i m e  
h is tory of a quantity. 
considered proportional t o  the amplitude squared of the frequency content 
ordinarily obtained from the Fourier transform. Thus, the power spectrum 
can be regarded as a frequency analysis of the  mean-square value of the 
random time f'unction 

Essentially, the power spectral  densi t ies  may be 

f (t) . 
. 

Record Evaluation fo r  Power Spectra 

The numerical methods described i n  reference 5 were used i n  deter- 
mining the power spectral  densi t ies .  Records fo r  the various quantit ies 
were read a t  given time intervals,  and 40 estimates of the power a t  fre- 
quencies up t o  the folding frequency 
t a l  computing methods. 
t ions of the f l i gh t s  and include takeoff and landing data f o r  the times 
when the airplane was airborne. 
the maneuvering portions of the time h i s to r i e s  for  each quantity i s  given 
subsequently. 
determined by deleting cer ta in  sections of the t i m e  h i s tor ies .  The e f fec t  
of omitting sections of the time-history data on the shape of the spectrum 
has been found t o  be negligible i n  t h i s  type of analysis (ref. 3) ;  only 
the level o f  the spectrum i s  changed. 

1/2& were obtained by using digi-  
Record readings were made during maneuvering por- 

A n  explanation as t o  what consti tuted 

These portions are different  for  each quantity and were 

The power spectra presented are  the spectra of the time history with 
the mean subtracted @(f)(y-y) .  Power spectral  densi t ies  fo r  each quan- 
t i t y  were f i r s t  obtained on a per-fl ight basis .  In cases where spectral  L 
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densi t ies  are  presented according to  a specific type of mission, i n  which 
the data fo r  more than one f l i g h t  are included, the power spectrum pre- 
sented i s  an average of the spectra that were calculated for  each of the 
f l i gh t s  pertaining t o  the mission. 
t o  the t i m e  analyzed i n  each of the f l igh ts .  

The average was weighted according 

The normal-load-factor t i m e  h is tor ies  were read a t  a time in te rva l  
of 0.5 second t o  provide estimates of power up t o  a frequency of 1 cycle 
per second. From these readings, power spectral  densi t ies  were calcu- 
la ted by using t i m e  in te rva ls  of 0.5, 2, and 10 seconds t o  provide ade- 
quate d e t a i l  over the frequency range. In addition, the normal-load- 
factor  spectra were computed fo r  several f l i g h t s  by using 0.2-second 
reading intervals  t o  provide additional information a t  frequencies up 
t o  2.5 cycles per second. 

A l l  the records of transverse load factor were evaluated a t  t i m e  
in te rva ls  of 0.5 second. For several f l igh ts ,  however, the spectra fo r  
transverse load factor were obtained out t o  a frequency of 2.5 cycles 
per second through the use of 0.2-second readings. 

Spectra fo r  pitching acceleration were obtained a t  frequencies up 
t o  2 cycles per second by reading the t i m e  h i s tor ies  a t  intervals  of 
0.25 second. 

In order t o  improve the accuracy of the computed spectra, the spec- 
t rum was f i rs t  obtained of an al tered ( f i l t e r ed )  time his tory of the 
quantity given by the equation 

y*(t) = Ky(t - At)  - *(t) + m(t + A t )  (K < 1) (3)  

This equation i s  essent ia l ly  a high-pass numerical f i l t e r  which, fo r  
K < 1, re ta ins  some information a t  zero frequency. !Chis par t icu lar  
expression was used because it was found t o  make the spectra re la t ive ly  
constant over the frequency range when the appropriate value of K was 
used. The values of K used varied from 0.97 t o  0.70 fo r  the spectra 
presented i n  t h i s  report .  The spectrum of y* was then converted t o  
the spectrum of y by the equation 

J [.( cO~(2~tfAt) - d2 
The data a t  10-second intervals  were not f i l t e r e d  by using equation (3)  
since the spectrum fo r  the frequency range covered was re la t ive ly  level .  
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Flight Conditions and Flight Time Analyzed 

As previously indicated the flight conditions for each type of mis- c 

sion are summarized in figures 3 to 5 as the percentages of time at vari- 
ous airspeeds, Mach numbers, and altitudes. These distributions are 
based on the flight time 
flight time recorded in each type of mission and are representative of 
the flight conditions under which the spectra were obtained. The time 
TF for total missions was approximately 63 percent of the total flight 
time recorded in the investigation. 
number, and altitude were calculated for the total flight time recorded 
and were found to be about the same as those shown for the flight time 
TF.) The flight time TF is the time for which the normal-load-factor 
data were analyzed. 
all portions of the flights where any noticeable maneuvering was taking 
place and was based on movement of the film trace for normal load fac- 
tor. 
were eliminated. For instance, for the low-altitude-bombing and dive- 
bombing missions, the data recorded during the time to and from the 
practice range were not analyzed since these data represented essentially 
nonmaneuvering flight. Also, in the general-flying missions there would 
be long periods during which little or no maneuvering was occurring; 
therefore, these times were not analyzed. No attempt was made to elimi- 
nate data during the shorter periods of near-level flight which occurred 
between the various maneuvers in the general-flying flights or between 
the practice runs in the low-altitude-bombing and dive-bombing flights. 

TF in each type of mission rather than total 

(Distributions of airspeed, Mach 

This time is defined as that time which included 

Thus, all relatively ldng portions of straight and level flight 

c 

Spectra for transverse load factor and pitching acceleration were 
obtained from data taken from the portions of flight which included the 
time TF. These spectra do not include data for all the time TF, how- 
ever, as only those sections of the transverse-load-factor and pitching- 
acceleration time histories were read which showed any noticeable fluc- 
tuations. Furthermore, the pitching-acceleration data were not analyzed 
for all flights. The pitching-acceleration spectra shown for the low- 
altitude-bombing and dive-bombing missions correspond to three flights 
each and the spectrum for general flying missions is for 22 out of the 
total of 28 flights pertaining to this type of mission. The flights 
selected for the analysis of pitching acceleration are considered to give 
spectra which are representative of the different types of missions. 

Normal-Load-lihctor Counts 

I 
i 

In order to examine the statistical properties of the loads, several 
methods were used to take counts of normal load factor from the time his- 
tories. 

c 

One of the methods employed a threshold-counting process which 



11 

L 
7 
7 
8 

minimized the level-f l ight  portions of the t i m e  h i s tor ies  occurring 
during and between maneuvers. 
from t h i s  type of count are compared with the probabili ty d is t r ibu t ions  
that would be obtained fo r  a Gaussian random process. 
method, peak values were counted from which major peak and t o t a l  peak 
dis t r ibut ions were determined. These peak dis t r ibut ions are compared 
with the  peak dis t r ibut ions calculated from the power spectra. 
description of each of the  counting methods follows. 

The probability dis t r ibut ions resu l t ing  

In the other 

A 

Threshold count.- The method used i s  ident ica l  t o  tha t  i l l u s t r a t e d  
i n  reference 3 .  
method counts were made a t  a given threshold every time the record crossed 
the given threshold and exceeded one-half of the increment t o  the next 
threshold. Threshold values of O.5g were used. For example, counts were 
made a t  a normal load factor  of 2 i f  the load-factor record crossed 2g 
while increasing and then increased above 2.25g or  i f  the record crossed 
2g w h i l e  decreasing and decreased below a value of 1.75g. By using t h i s  
method all small fluctuations i n  the normal load factor less than fO.25g 
are  eliminated. 

Only load factors  of 1 or  greater were counted. I n  t h i s  

Major peak count.- The method employed t o  determine the major peaks 
i s  the same as one of the methods i l lus t ra ted  i n  reference 3.  Only peaks 
above a load factor of 1 were considered. The peaks counted by th i s -  
method r e f l e c t  the maJor posit ive excursions of n o m 1  load fac tor  from 
the level-f l ight  value and ignore the smaller fluctuations.  In t h i s  
method a peak was counted i f  the load factor  decreased both before and 
a f t e r  the peak by an amount more than one-quarter of the value of the 
peak increment, the peak increment being measured from a normal-load- 
factor value of 1. In addition t o  t h i s ,  fo r  normal load factors  less 
than 2 the load factor had t o  decrease more than O.25g before and after 
the peak i n  order t o  be counted. By using t h i s  method of determining 
peaks, a l l  small fluctuations i n  the load factor  due t o  airplane vibra- 
t ions and other small disturbances are eliminated. 

Total peak count.- The t o t a l  peak count includes a l l  peaks above 
l.25g obtainable from the t i m e  h is tor ies .  
normal load factor was 0.01g; therefore, these peaks represent a l l  
fluctuations greater than 0.01g. 

The reading accuracy f o r  

RESULTS AND DISCUSSION 

The power spectra of the airplane response quantit ies define the 
frequency range which can be considered as being important for  these 
quantit ies i n  the analysis of maneuver-load data.  
frequency content of normal-load-factor data during maneuvering were 
negligible above frequencies of 2 cycles per second, it would be neces- 
s a r y  t o  use recording and computing equipment capable of measuring and 

For example, i f  the 
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analyzing these data only i n  the frequency range up t o  2 cycles per second. 
Power spectra of the airplane response would also be useful i n  control- 
system design. For instance, the control system of an airplane would have 
to  be designed with good frequency response only for  the important fre- 
quency range o f  the response quantit ies.  

. 

Inasmuch a s  the frequency character is t ics  of the control system of 
the airplane could influence the frequency content obtained fo r  the a i r -  
plane response, these character is t ics  were examined. It was found tha t  
the  frequency response of the control system was f l a t  over the range of 
frequencies analyzed i n  t h i s  report  (0 < f < 2.5 cycles per second) and 
that the control system was capable of responding considerably beyond 
these frequencies; therefore, the frequency character is t ics  of the con- 
t r o l  system would have l i t t l e  e f fec t  on the r e su l t s  obtained. 

L 
7 
7 a 

Normal Load Factor 

Normal-load-factor data are  presented i n  figures 6 t o  13. Power 
spectral  densit ies,  which have been normalized by dividing by the mean- 
square value t ~ *  corresponding t o  the par t icular  data sample, a re  shown 4 

i n  figures 6 t o  9 and probabili ty data a re  shown i n  figures 11 to  13.  
The probability data a re  given i n  terms of incremental normal load fac- 
t o r  &I,. 
and 13 include data from the six comparatively s t ra ight  and leve l  f l i g h t s  
previously mentioned i n  the section en t i t l ed  "Classification of Missions. 

Results presented for  t o t a l  missions i n  figures 6, 7, 11, 12, 

11 

Power spectral  densit ies.-  In figure 6 spectra a re  shown for  each of 
the three types of missions as w e l l  as for  t o t a l  missions. The spectra 
a re  composed of spectral  densi t ies  calculated from record time-interval 
readings of 0.5, 2, and 10 seconds. 
the maneuvering portions of the f l i g h t s  - that is, long periods of s t ra ight  
and level f l i g h t  have been deleted - and it i s  of i n t e re s t  t o  note that the 
root-mean-square value (J 

Because the spectrum fo r  the t o t a l  missions includes additional data from 
s i x  comparatively s t ra ight  and leve l  f l i gh t s  where only a few mild maneu- 
vers were performed, the value of (J fo r  the t o t a l  missions i s  s l igh t ly  
lower than that for  any of the three types of missions. 

The spectra given i n  f igure 6 are  for  

i s  about the same during any type of mission. 

Because power spectra a re  s t a t i s t i c a l  i n  nature, some knowledge of 
the s t a t i s t i c a l  r e l i a b i l i t y  of spectra such as given i n  figure 6 i s  impor- 
t an t .  Each value of power given i n  the  figure i s  the average of the e s t i -  
mates made a t  a given frequency fo r  each of the f l i g h t s  i n  a par t icular  
type of mission. 
the value of 0.70 per cycle per second given i n  the general-flying spec- 
trum i s  the average of 28 values obtained from 28 f l i gh t s .  

For example, for  a frequency of 0.1 cycle per second 

For each of 

e 



these flights, the power-spectral-density estimates were made from about 
4,000 data points. 
mates, there would thus be about 200 degrees of freedom available in each 
estimate of the power-spectral-density value (see ref. 6). 
expected then that, for stationary random processes, estimates with 
200 degrees of freedom would depart from the long run average by i 34  per- 
cent at the 80-percent confidence level, or for the present example, in 
which the long run average is 0.70, 10 percent of the time the estimate 
would be expected to fall below 0.602 and 10 percent of the time above 
0.798. 
0.1 cycle per second were distributed approximately normally about the 
mean 0.70 with a standard deviation of 0.226; thus, 10 percent of the 
estimates were below 0.41 and 10 percent exceeded 0.99. A similar com- 
parison was found in general flying at frequencies of 0.4 and 0.7 cycle 
per second as well as in low-altitude-bombing and dive-bombing missions 
at 0.1, 0.4, and 0.7 cycle per second. From this comparison it is seen 
that the range in variability for the spectral density in the average 
spectrum is three times greater than that which is expected for station- 
ary random processes. 

For spectral-density calculations based on 40 esti- 

It would be 

For the 28 flights the estimates of power at a frequency of 

In figure 7, where the spectra for the different types of missions 
are compared, the power spectral densities appear to be very similar over 
much of the frequency range in that they decrease approximately as 
The noticeable leveling off at high frequency in the spectra for low-  
altitude-bombing and total missions is caused by the effect of rough air 
encountered at high speeds during low-altitude-bombing maneuvers. In 
these maneuvers turbulence encountered during the high-speed runs at alti- 
tudes near the ground produced load-factor oscillations near the longitudi- 
nal short-period oscillation frequency of the airplane. In addition, the 
normal-load-factor oscillations were magnified by the inadvertent lateral 
oscillations of the airplane associated with the high speeds and the tur- 
bulent air. During this investigation the low-altitude-bombing and dive- 
bombing practice runs were, for the most part, made in a periodic fashion 
and this effect is evident in the spectra. The predominant peak in the 
low-altitude-bombing and dive-bombing spectra at about 0.01 cycle per 
second corresponds to the average number of bombing runs per second in 
the dive-bombing flights and the average number of maneuvers per second 
during the low-altitude-bombing flights, which was roughly 36 per hour. 
(Each low-altitude-bombing run usually consisted of two maneuvers, the 
turn into the high-speed run and the pullup for the bomb release.) 

f-2-5. 

In order to show additional data on the effect of rough air, several 
flights were read at 0.2-second intervals to extend the frequency range 
for the spectra up to 2.5 cycles per second. These results are shown in 
figures 8 and 9. 
shown in figure 8 and is composed of spectral densities calculated from 
record time-interval readings of 0.2, 0.5, and 2 seconds. The peak in 
the spectrum at approximately 1 cycle per second is caused by the rough 
air; however, there is very little power (portion of the root mean square) 
in this frequency range of about 0.5 to 2.5 cycles per second. The peak 

The spectrum for one low-altitude-bombing flight is 
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near 0.01 cycle per second caused by the frequency of maneuvers (see low- 
altitude-bombing spectrum in fig. 6) does not appear in this figure 
because the spectrum for this flight was not calculated for 10-second 
intervals to give detail at these low frequencies. 

.. 

The spectrum for a relatively straight and level flight through a 
large amount of turbulence is shown in figure 9 .  This flight was essen- 
tially a nonmaneuvering flight at moderate speeds (M = 0.53 to 0.73) and 
was made at altitudes from 5,000 feet to near sea level. The only maneu- 
vers performed were a few gentle turns. It can be seen that the power L 
spectral densities are fairly constant over the frequency range up to 7 
the vicinity of the longitudinal short-period oscillation frequency and 7 
then decrease rapidly at higher frequencies. The spectral densities 8 
shown were calculated f r o m  record readings made at 0.2-second intervals. 

The data given in figures 8 and 9 are compared in figure 10. The 
frequency content is more graphically illustrated if fQ(f) is plotted 
against log, f. For example, the mean-square value 

a2 = s,” Q(f)df 
can be expressed as 

( 5 )  

r m  

a2 = J fQ(f)d loge f 
0 

In figure 10, where f@(f),, is plotted against log, f, the portion of 
the root mean square contributed by a given frequency band is directly 
proportional to the area under the curve in that band. The low-altitude- 
bombing-system curve is representative of normal load factors experienced 
on fighter airplanes during maneuvering in rough air. 
can be seen that the area is concentrated at a frequency of about 
0.02 cycle per second. 
level flight in rough air it can be seen that there is only a small 
amount of power at frequencies below 0.1 cycle per second. By comparing 
the peaks in the two curves occurring at about 1 cycle per second, it is 
apparent that the peak at this frequency in the low-altitude-bombing 
spectrum is an effect of turbulence rather than of maneuvering. 
a lso  apparent that this effect of rough air during maneuvering contributes 
little to the root-mean-square normal load factor. 

For this curve it 

From the curve for the relatively straight and 

It is 
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. Probability distributions.-  It was found i n  reference 3 that f o r  
general-flying type of maneuvers, the threshold counts of posi t ive 
incremental normal loaa factor  could be described by a truncated normal 
dis t r ibut ion.  If the normal-load-factor data a re  assumed t o  be trun- 
cated a t  Anv = 0 and the mean of the parent dis t r ibut ion i s  assumed 
t o  be a t  Anv = 0, 

(Anv 1 

which defines the probabili ty tha t  a given value of 

exceeded for  the truncated normal distribution. 
4 will be 

(7) 

Normal probability graph paper can be used as a simple qual i ta t ive 
t e s t  fo r  a normal dis t r ibut ion.  
so tha t  the probabi l i t ies  fo r  given values of a quantity will p lo t  as a 
straight l i n e  i f  the frequency distribution is  normal. 
p lo t  i s  shown i n  figure 11 for  the various types of missions using the 
probabi l i t ies  obtained from the threshold counts. Since the normal-load- 
factor data  a re  truncated, the ordinate scale i s  given i n  terms of the 
quantity 0.5 x P(Anv). (See eq. (7).) The points shown i n  the p lo t s  
a re  plot ted a t  O.25g less than the threshold values ( that  is, 1 plot ted 
a t  0.75, 1.5 plotted a t  1.25, and so for th)  since the thresholds were 
based on bands fO.25g about the threshold values. 
ber of counts for  the zero threshold (the number of counts for  the  band 
-0.25g t o  O.25g) was adjusted by multiplying the zero-threshold crossings 
actual ly  counted by a factor of 2. 
truncated dis t r ibut ions were fa i red  through the data points. 
mally dis t r ibuted se t  of data, 34.1percent of the measurements f a l l  
into the in te rva l  from the mean t o  one standard deviation; therefore, the 
root mean square 
section of the s t ra ight  l i n e  with the 0.159 value f o r  The 
general-flying data can be considered as being reasonably close t o  a nor- 
m a l  d is t r ibut ion.  As would be expected, truncated normal dis t r ibut ions 
are  not so good a f i t  t o  the low-altitude-bombing, dive-bombing, and 
t o t a l  data because of the nature of these missions. 

The scales on this paper a re  adjusted 

This type of 

In each plot  t he  num- 

Straight l i nes  representing normal 
For a nor- 

u i n  each p lo t  was obtained d i rec t ly  from the in te r -  
0.5 x P(Anv). 

Although the normal-load-factor data pertaining t o  the various types 
of missions cannot be considered a Gaussian random process, r e su l t s  i n  
figure 11 indicate tha t  the posit ive incremental normal load fac tors  can 
be considered as a truncated normal distribution. Hence, the expression 
for  the peak probability dis t r ibut ion fo r  a Gaussian random process 
( r e f .  4) was used as a guide t o  calculate peak dis t r ibut ions from infor- 
mation obtained from the power spectra. Equations derived from t h i s  
expression and given i n  reference 3 were used to  estimate the t o t a l  peak 



16 

and major peak dis t r ibut ions.  
exceeding a given value i s  

The t o t a l  number of posi t ive peaks 

where the quantity Pp 
given value fo r  data which are Gaussian i n  character. 
fo r  determining Pp 
reference 3 .  
exceeding a given value i s  

i s  the  probabili ty tha t  a peak will exceed a 
The equation 

from properties of t he  power spectrum i s  given i n  
The equation used t o  estimate the number of major peaks 

It can be noted that  maneuvering f l i g h t  t i m e  51 i s  used i n  equa- 
t ions  (8) and (9) .  A s  previously indicated, only those portions of the  
normal-load-factor t i m e  h i s to r i e s  which did not include long periods of 
straight and l eve l  f l i g h t  were analyzed. Even i n  these portions, however, 
much time was spent a t  normal load factors  fo r  near l eve l  f l i g h t  during 
many types of maneuvers and also between the  maneuvers. In  order t o  
determine the value of 51 t o  be used i n  the calculations,  the percent- 
age of time spent above a given incremental normal load factor  was deter- 
mined f o r  the f l i g h t  t i m e  analyzed 
figure 12  f o r  each type of mission and f o r  t o t a l  missions. Since i n  t h e  
threshold counts and i n  the peak counts t he  minimum normal-load-factor 
variation was O.25g, it was assumed tha t  t he  maneuvering f l i g h t  t i m e  51 
was the  portion of t i m e  spent above an incremental normal load fac tor  of 
O.25g. It can be seen i n  the  figure t h a t  about 40 percent of the f l i g h t  
t i m e  analyzed can be considered maneuvering fl ight time f o r  general- 
f lying, dive-bombing, and t o t a l  missions and about 47 percent fo r  low- 
a l t i t ude  bombing. 
load factor 
factor  data associated with %. The value of cr was, therefore,  
established from t h e  threshold counts, as t h i s  type of count minimized 
the  data f o r  near l eve l  f l i g h t .  

TF. These percentages are shown i n  

The value of the root-mean-square incremental normal 
cr used i n  the calculations must correspond t o  the  load- 

The peak dis t r ibut ions as given by equations (8) and ( 9 )  are shown 
The value of t he  root- i n  figure 13 fo r  the various types of missions. 

mean-square incremental normal load factor  cr used was tha t  obtained 
from the threshold analysis shown i n  figure 11. The values fo r  fp and 

f o  
figure 13.  The peak dis t r ibut ions obtained from peak counts made on the  

I. 

were obtained from the integration of the  spectra and are given i n  

I 

L 
7 
7 
8 



. 
time histories are also shown in the figure by the circular and square 
symbols. 
given in a previous section. 

The major peaks and total peaks were counted by the methods 

It may be seen in figure 13 that, for general flying, both the total 
peak count and the major peak count are estimated to a good degree of 
accuracy by equations (8) and ( 9 ) ,  respectively. The agreement between 
the calculated and observed distributions for the low-altitude-bombing, 
dive-bombing, and total missions is not as good as that for general 
flying in the l o w  range of Anv values. For the larger Anv values, 
however, there appears to be good agreement. 

Total peak distributions are of interest but major peak distribu- 

In each plot given in figure 1 3  it can be seen for the region 
tions would probably be of the most value, for example, ih fatigue anal- 
ysis. 
where calculated and observed results differ that, for the most part, 
the calculations overestimate the number of peaks at a given Anv level. 

Transverse Load Factor 

Power spectra of transverse load factor are presented in figures 14 to 
18. The spectral densities have been normalized by dividing by the mean 
square a2 of the corresponding data sample. Inspection of peak proba- 
bility distributions given in reference 2 for this airplane indicated 
that the transverse-load-factor data in low-altitude-bombing and general- 
flying missions could not be characterized as a Gaussian random process; 
therefore, the peak distributions were not determined from the power 
spectrum. One reason for the low-altitude-bombing data not being Gaussian 
in character was due to the influence of large, constant-amplitude lateral 
oscillations that were produced during turbulence in many of the low- 
altitude-bombing maneuvers. Similarly, during the general-flying missions 
several pilots performed fishtail maneuvers which produced a number of 
large-amplitude oscillations. 

Spectra are shown in figure 14 for each type of mission and for total 
missions. 
flight where noticeable fluctuations occurred in the transverse-load- 
factor time history. 
a was small, varying from about 0.030 for general flying and dive bombing 
to about 0.042 for low-altitude bombing. 

A s  previously indicated, the spectra are for those portions of 

From the figure it can be seen that the value for 

In figure 15 it appears that the frequency content for transverse 
l oad  factor, as defined by the spectrum, is about the same for the vari- 
ous types of missions. 
quencies is near the lateral short-period oscillation frequency of the 
airplane for high speeds. 

The peak in each spectrum at the higher fre- 

Although more rough air was present in the 
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low-altitude-bombing missions, some turbulence was encountered during 
the other missions. The turbulence accounted for many of the transverse .. 
motions of the airplane and caused the airplane to oscillate at the lat- 
eral short-period oscillation frequency. 
spectrum has the most pronounced peak because of the larger amount of 
turbulence encountered. 

The low-altitude-bombing-system 

In figure 16 an example is shown where f@(f)nt/$- is plotted 

against log, f for two types of missions. The curves in the figure 
are for the two spectra showing the largest differences in the spectral 
densities in figure 15. 
contributed by a given frequency band is directly proportional to the 
area under the curve in that band. (See eq. ( 6 ) . )  From the figure it 
can be seen that the main differences in the spectra occur at the high 
frequencies. A large 'proportion of the total area is concentrated at 
the higher frequencies for low-altitude-bombing missions. 
shown that about 75 percent of the root-mean-square value is contained 
at frequencies above 0.5 cycle per second for this type of mission. 

L 
7 
7 
8 

In figure 16 the portion of the root mean square 

It may be 

Additional examples of spectra pertaining to low-altitude-bombing 
flights are shown in figure 17. The spectrum in the top plot is shown 
as a matter of interest and was obtained from two low-altitude-bombing 
flights made in extremely rough air. In contrast to the spectrum for 
all the low-altitude-bombing flights (fig. 14) the peak at the high fre- 
quency is sharper and the value of u is larger. In order to define 
the high-frequency peak more adequately, the transverse-load-factor time 
history for one low-altitude-bombing flight was read at 0.2-second inter- 
vals and thus the spectrum was extended out to a frequency of 2.5 cycles 
per second. 
is composed of spectral densities calculated from record time-interval 
readings o f  0.2 and 0.5 second. 
frequencies above about 1 cycle per second are seen to decrease as the 
frequency increases. 

This spectrum is shown in the bottom plot in figure 17 and 

In this plot the spectral densities at 

In figure 18 examples of power spectra of transverse load factor 
are shown for rough-air and smooth-air flight. 
plot was obtained from a nonmaneuvering portion of a flight (M = 0.6 
to 0.7) which was at low altitude (approximately 1,000 feet) in rough 
air. It can be seen from the spectrum that practically all the root- 
mean-square value was contained at the higher frequencies associated 
with the inadvertent lateral oscillations of the airplane. 

The spectrum in the top 

The spectrum shown in figure 18 for the smooth-air flight was 
obtained from a general-flying mission in which no rough air was encoun- 
tered. 
by maneuvering. The spectrum is shown for frequencies out to 2.5 cycles 
per second and was obtained with the use of 0.2- and 0.5-second record 

All transverse load factors obtained in this flight were produced * 

- 
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readings. For this spectrum it is seen that the spectral densities are 
essentially constant at frequencies up to about 0.6 cycle per second and 
then drop rapidly in value at higher frequencies. 
normal-load-factor spectral densities (fig. 7) which generally decrease 
over the frequency range. 
load-factor spectral density can probably be attributed to the lateral 
short-period oscillations of the airplane. These oscillations are 
excited during the normal process of maneuvering the airplane and occur 
at frequencies from about 0.3 cycle per second at low speeds to about 
0.7 cycle per second at the higher speeds. The fact that a large por- 
tion of the root-mean-square transverse load factor during maneuvering 
is due to these oscillations would cause the spectrum to be relatively 
flat over the frequency range indicated in the plot. 

Thfs is in contrast to 

The relatively constant values of transverse- 

Pitching Acceleration 

The power spectral densities for pitching acceleration are shown in 
figures 1-9 and 20 and have been normalized by dividing by 
tributions were not determined from the power spectrum. Inspection of 
peak probability distributions given in reference 2 indicated that 
pitching-acceleration data on this airplane were not characteristic of 
a Gaussian random process during general flying, probably because of the 
effect of the large values of pitching acceleration occurring in pitch- 
ups. 
dive bombing, however, did appear to be Gaussian in character. 

3. Peak dis- 

The pitching-acceleration data during low-altitude bombing and 

Records of pitching acceleration were read at 0.25-second intervals 
so that spectra could be calculated for frequencies out to 2 cycles per 
second. As in the case of transverse load factor, the spectra are for 
those portions of flight where noticeable fluctuations occurred in the 
pitching-acceleration time history. It is of interest to note that the 
value of u for the low-altitude-bombing missions was about twice that 
for general-flying or dive-bombing missions. (See fig. 19. ) 

The spectral densities f o r  eachtype of mission are shown on a 
single plot in figure 20 for purposes of comparison. Although there are 
some differences in the spectral densities, the shapes of the spectra 
are similar so that the frequency content of pitching acceleration could 
be considered to be about the same for any of the types of missions. 
When the low-altitude-bombing spectrum is compared with those for gen- 
eral flying and dive bombing, it is seen that the low-altitude-bombing 
spectrum has a sharper high-frequency peak and that this peak occurs at 
a higher frequency (about 1.4 cycles per second). The characteristics 
of the low-altitude-bombing spectrum are reflected in the spectrum for 
total missions. The peak in the low-altitude-bombing spectrum is asso- 
ciated with the large amount of turbulence and high airspeeds for this 
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type of mission. The frequency a t  which the peak occurs i n  the general- 
f lying and dive-bombing spectra (about 0.9 cycle per second) corresponds 
t o  the longitudinal short-period osc i l la t ion  frequency of the airplane 
f o r  high-speed f l i gh t .  

- 

The spectra shown f o r  pitching acceleration could not be corrected 
fo r  folding because the spectral  densi t ies  a t  frequencies above 2 cycles 
per second were not determined. It i s  believed, however, that, when 
these corrections are  included, the spectral  densi t ies  w i l l  drop rapidly 
as the frequency increases above about 2 cycles per second. This rapid 
decrease i n  spectral-density value is  apparent i n  the spectrum f o r  dive L 
bomb ing . 7 

7 
8 

CONCLUDING REMARKS 

The frequency content of some airplane response quantit ies obtained 
from a number of operational t ra ining f l i g h t s  of a f igh ter  airplane has 
been presented. Power spectral  densi t ies  of normal and transverse load 
factor  and pitching acceleration are  shown f o r  several types of missions 
normally performed by the airplane. The frequency content, which i s  
described by the spectrum, provides information which i s  useful i n  control- 
system design and i n  the design of recording and computing equipment fo r  
analyzing maneuver-load data. 

When normalized by dividing by the mean-square value, the resu l t s  
indicate tha t ,  except for  some differences at  the higher frequencies due 
t o  the effect  of rough a i r ,  the frequency content of each of the air- 
plane response quantit ies w a s  similar during the different  types of 
missions investigated. 

The normal-load-factor data fo r  the different  types of missions 
exhibited some of the characterist ics of a Gaussian random process; 
therefore, power-spectral methods were used i n  analyzing the maneuver- 
load data. Normal-load-factor peak dis t r ibut ions were estimated t o  a 
reasonable degree of accuracy from t h i s  spectrum analysis. 
butions fo r  transverse load factor and pitching acceleration were not 
determined from the power spectrum because i n  most types of missions 
these quantities did not appear t o  have the character is t ics  of a Gaussian 
random process. 

Peak d i s t r i -  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field, Va. ,  January 26, 1960. 
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Figure 2.- Three-view drawing of test airplane. 
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Figure 11.- Comparison of observed probability distributions of 
incremental-normal-load-factor threshold counts with truncated 
normal probability distributions for various types of missions. 
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